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In this paper we develop a method of testing non-isomorphism of solutions 
of balanced incomplete block designs (BIRD) belonging to the series of sym- 
metric designs with the parameters (4t + 3, 2t + 1, t) and to the series with 
parameters (4t + 4, 8t + 6, 4t + 3,2t + 2, 2t + 1) when t is even. In [l] 
a technique which is independent of the parity of t was developed to generate 
solutions of (i) a (4t + 3, 2t + 1, t) design and (ii) a (4t + 4, 8t + 6, 4t + 3, 
2t + 2, 2t + 1) design. In the same paper a technique was evolved to test these 
solutions for non-isomorphism when t is odd. This technique, however, fails 
when t is even. In the present paper we also point out a connection between the 
solutions of (4t + 3, St + 1, t) designs obtained by using the method given 
in [2] and those obtained by using Hadamard matrices of order 4t + 4. A 
number of mutually non-isomorphic solutions of (19, 9, 4), (20, 38, 19, 10, 9), 
and (39, 19,9) design are obtained. 
1. HADAMARD MATRICES AND BIBD’s 
In the present paper we use the terminology and notation of [l] and [2]. 
A Hadamard matrix H of order m is a square matrix of order m with 
elements +l and -1 such that 
HH’ = ml; 
Clearly, permuting rows or columns of H or multiplying rows or columns 
of H by - 1 leaves this property unchanged and we consider such matrices 
as equivalent. Given a Hadamard matrix, we can always find one which 
is equivalent to it and whose first row and tist column consists entirely of 
+l’s. Such a Hadamard matrix is called “normalized.” It is known that 
the order m of a Hadamard matrix is either 2 or necessarily a multiple of 
4. It is also known that the construction of a normalized Hadamard 
matrix of order 4t + 4 is equivalent to the construction of a symmetric 
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design (4t + 3, 2t + 1, f). But it is to be noted that a given Hadamard 
matrix of order 4t + 4 may give rise to non-isomorphic designs with 
parameters (4t + 3, 2t + 1, t) as a Hadamard matrix can be normalized 
in many ways. 
Let N = (nij) be the usual incidence matrix of a (4t + 3, 2t + I, t) 
design where rows (columns) correspond to blocks (treatments). Let 1, 0 
denote row vectors with all elements 1 and 0, respectively. Put 
N = (; ;,. 
Then clearly P and Q are the incidence matrices of the derived design and 
the residual design of N with respect to the first block. It was shown in 
[2] that 
is the incidence matrix of a (4t + 3, 2t + 1, t) design. This process may be 
called the natural embedding of the complement of a residual design. 
Therefore, starting with a given (4t + 3,2t + 1, t) design, we may investi- 
gate whether the designs obtained by the above process of embedding the 
complementary design of a residual design in a natural fashion and those 
obtained by taking their duals are isomorphic or not with the initial 
solution. As remarked earlier, a given Hadamard matrix of order 4t + 4 
can give rise to several non-isomorphic solutions of a (4t + 3, 2t + 1, t) 
design as the Hadamard matrix can be normalized in many ways. 
We now show that instead of considering different normalizations of a 
given Hadamard matrix we may consider only one normalization and then 
apply the above stated processes to try for new solutions of 
(4t + 3, 2t + 1, t) designs. For, let H be a Hadamard matrix of order 
4t + 4. Let Dij denote the (4t + 3, 2t + 1, t) design obtained from H by 
normalizing the i-th row and thej-th column. Then the matrix of order 
4t + 3 obtained by deleting the normalized i-th row and the normalized 
j-th column of H is the (- 1, 1) incidence matrix of the design Dij . We 
show that this design Dij can be obtained from the design D,, by applying 
the above-stated processes to Dll . Without any loss of generality we may 
take i = 2. We first show that D,, can be obtained from Dll . For, let 
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after normalizing the first row and the first column. Then 
is the (- 1, 1) incidence matrix of D,, . Again, normalizing the second 
row of H instead of the first we get the matrix 
giving the incidence matrix 
1 -1 
% = ipF ( 1 
of the (4t + 3, 2t + 1, t) design D,, . Obviously F gives the residual 
design of N,, and N,, could have been obtained from N,, by embeddingF 
in a natural way. The result now follows if we observe that H’ is also a 
Hadamard matrix and the dual design D’ of a (4t + 3,2t + 1, t) design D 
is also a (4t + 3, 2t + 1, t) design. 
2. CHARACTERISTIC NUMBERS OF 
(4t + 3, 2t + 1, t) AND (4t + 4, 8t + 6, 4t + 3, 2t + 2, 2t + 1) 
DESIGNS WHEN t Is EVEN 
We quote first some results from [l]. Let Ni and Nz be incidence matrices 
of designs D, and D, with parameters (4t + 3,2t + 1, t). Then 
is the incidence matrix of a (4t + 4, 8t + 6, 4t + 3, 2t + 2, 2t + 1) 
design which we denote by A(D, , a,). Denoting A(N, , m,) by A(N,), 
(2.2) 
is the incidence matrix of an ARBIBD (4t + 4,8t + 6,4t + 3,2t + 2,2t + 1) 
design which we denote by A(D,). Also 
(2.3) 
228 BHAT 
is the incidence matrix of a (8t $ 7, 4t + 3, 2t + 1) design which we 
denote by B(D, , Dz). 
We now prove a number of lemmas that lead us to some numerical 
characteristics. These characteristics will be used to distinguish between 
the solutions of the designs under consideration. 
LEMMA 1. For t even, a (4t + 3,2t + I, t) design has no t-tuple occurring 
in three blocks. 
Proof. If the lemma is not true, let S be a t-tuple occurring in three 
blocks of a (4t + 3, 2t + 1, t) design. Let S, , S, , S, be the sets of 
remaining t + 1 treatments in these three blocks. Then S, S, , S, , S, are 
mutually disjoint sets and together they account for all the 4t + 3 treat- 
ments. Let a fourth block have d treatments from the set S, 0 < d < t. 
Then it must have t - d treatments from each one of the sets S, , S, , and 
S, and we must have d + 3(t - d) = 2t + 1. This is impossible since t is 
even. 
LEMMA 2. For t even and t > 2, a (4t + 3, 2t + 1, t) design has no 
(t - I)-tuple occurring in four blocks. 
Proof. Let s = (1, 2 )...) t - I), s, = (t + 2,..., 2t + l), 
s, = (2t + 3,..., 3t + 2), and S, = (3t + 3 ,..., 4t + 2). Suppose that S 
occurs in four blocks of a (4t + 3, 2t + 1, t) design, t even, t > 2. Let 
three of these blocks be (S, t, t+l, S,), (S, t, 2t+2, S,),(S, t+l, 2t+2, S,). 
As the fourth block has S in common with all these three blocks and as no 
t-tuple occurs in three blocks we see that this fourth block has exactly one 
treatment from each of the sets S, , S, , and S, . But then along with the 
last remaining treatment 4t + 3 this block can have at the most t + 3 
treatments. This gives a contradiction if 2t + 1 > t + 3 or t > 2 as the 
block size is 2t + 1. 
A (4t + 3,2t + 1, t) design D, t even, can have a (t - 1)-tuple occurring 
in three blocks. The number q,(D) of such (t - I)-tuples is a characteristic 
of the design D and we shall call a,,(D) the characteristic number of the 
design D. We shall call such a (t - I)-tuple a special (t - I)-tuple and the 
corresponding blocks in which it occurs a B-triple. It is obvious that two 
solutions of a (4t + 3, 2t + 1, t) design having different characteristic 
numbers are non-isomorphic. Even if two solutions have the same charac- 
teristic number it may still be possible to show that the designs are non- 
isomorphic. The number of 3-tuples occurring in (t - 1) blocks of D is 
obviously the characteristic number of the dual design D’. In case of 
(19,9,4) designs, D and D’ have the same characteristic number. 
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LEMMA 3. For t even, a (4t + 3, 2t + 2, t + 1) design has no (t + 1)~ 
tuple occurring in three blocks. 
Proof. If a (t + I)-tuple, say S, occurs in three blocks then the blocks 
are (S, S,), (S, S,), (S, S,> where S, S, , S, , S, are mutually disjoint and all 
have t + 1 treatments each. As there are only 4t + 3 treatments the 
result follows by contradiction. 
LEMMA 4. For t even, a (4t + 3, 2t + 2, t + 1) design has no t-tuple 
occurring in four blocks. 
Proof. The proof is similar to that of Lemma 2 and hence is omitted. 
For t even, a (4t + 3,2t + 2, t + 1) design can have a t-tuple occurring 
in three blocks. The number &,(a) of such special t-tuples is a characteristic 
of a (4t + 3, 2t + 2, t + 1) design n when t is even. If a special t-tuple, 
say T = (1, 2,..., t), occurs in three blocks of a (4t + 3, 2t + 2, t + 1) 
design then these blocks are, say, (T, t + 1, t + 2, T,), (T, t + 1, 2t + 3, T,), 
(T, t+2, 2t+3, T3) where TI = (t+3 ,..., 2t+2), T, =(2t+4 ,..., 3t+3), 
T3 = (3t + 4,..., 4t + 3). 
Remark. We note that there is a special t-tuple in D if and only if in 
the complementary (4t + 3, 2t + 1, t) design the corresponding three 
blocks are such that the common treatments of any two blocks are absent 
in the third block. 
LEMMA 5. There do not exist three blocks in a (4t + 3, 2t + 2, t + 1) 
design such that the common treatments of any two blocks are all absent 
in the third block. 
Proof. If the lemma is not true, let PI = (1, 2 ,..., t + l), 
Ps = (t + 2,..., 2t + 2), PS = (2t + 3,..., 3t + 3), and let (P, , Pz), 
(P, , P3), (Pz , P3) be three blocks of the (4t + 3, 2t + 2, t + 1) design. 
Let a fourth block have d treatments from PI , 0 < d < t + 1. Then it 
must have (t + 1 - d> treatments from each of the sets Pz and P, . But 
then it has exactly 2(t + 1 - d) treatments in common with the block 
(Pz , P3). As t + 1 is odd, 2(t + 1 - d> # t + 1, proving the result. 
We note that an ARBIBD (4t + 4, 8t + 6, 4t + 3, 2t + 2, t + 1) has 
the incidence matrix A(N) given by (2.2). Now Lemma 1, Lemma 3, and 
Lemma 4 give us the following: 
LEMMA 6. For t even, t > 2, an ARBIBD (4t + 4, 8t + 6, 4t + 3, 
2t + 2, t + 1) has no (t + I)-tuple occurring in three blocks. 
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LEMMA 7. There do not exist four blocks in a (4t + 3,2t + 1, t) design, 
t > 2, such that the t common treatments of two of the blocks are all absent 
in each of the other two blocks. 
Proof. If not, let Q = (1, 2 ,..., t), Qi = (t + l,..., 2t), 
Q2 = (2t + 2,..., 3t + 11, and let (Q, Q1, 2t + 11, <Q, Q2, 3t + 2) be two 
blocks such that there are two other blocks which do not contain any 
treatment from the set Q. Without any loss of generality we may take one 
of these blocks to be (Q1 , Q, , x) where x > 3t + 2. The fourth block has 
clearly at least 2(t - 1) treatments in common with the block (Q1 , Qz , x). 
This is impossible as 2(t - 1) > t when t > 2. 
LEMMA 8. There do not exist four blocks in a (4t + 3, 2t + 2, t + 1) 
design t > 2, such that three of them have a t-tuple in common and the 
remaining block does not have any treatment from this t-tuple. 
Proof Using the same notation as before let T = (1, 2,..., t), 
TI =(t+3,..., 2t+2), T,=(2t+4,..., 3t+3), and T,=(3t+4 ,..., 4t+3), and 
let (T, t + 1, t +2, T,), (T, t + 1, 2t + 3, T,), (T, t + 2, 2t + 3, TJ be three 
blocks having Tin common. Now if a fourth block has no treatment from 
T then it has at least 3t treatments from TI U Tz U T3 U (t + 1, t + 2,2t + 3). 
This is not possible as the block size is 2t + 2. 
Note that Lemma 7 and Lemma 8 are true whether t is even or odd. 
Lemmas 1, 2, 4, 7, and 8 give the following result: 
LEMMA 9. For t even, t > 2, an ARBIBD (4t + 4, 8t + 6, 4t + 3, 
2t + 2,2t + 1) has no t-tuple occurring in four blocks. 
An ARBIBD (4t + 4, 8t + 6, 4t + 3, 2t + 2, 2t + l), say A(D) where 
D is a (4t + 3, 2t + 1, t) design, can have a t-tuple occurring in three 
blocks. The number PO(D) of such special t-tuples is a characteristic of 
such designs when t is even. 
Let D1 be a (4t + 3, 2t + 1, t) design with incidence matrix N1 and let 
& be a (4t + 3, 2t + 2, t + 1) design with incidence matrix fl, . Then 
A(& 3 D:,) whose incidence matrix is A(N, , m,) is a (4t + 4, 8t + 6, 
4t + 3, 2t + 2, 2t + 1) design. This design can have a (t + l)-tuple 
occurring in three blocks. This necessarily comes from two blocks of & 
and one block of D1 when the treatments common to these two blocks of 
B, are in a block of D, . We denote by fll(Dl , &) the number of such 
special (t + 1)-tuples which is a characteristic of these designs. Note that 
/WI , a,> = 0. 
We prove now that the characteristic number /&s,(D) is completely 
determined by q,(D) and C,,(B). Further we prove that, in the case in 
which t = 4, E,,(D) is completely determined by q,(D). 
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LEMMA 10. The characteristic number &,0(D) of an ARBIBD (4t + 4, 
8t + 6, 4t + 3, 2t + 2, 2t + I), t even, is 4(01,,(D) + Or,(@). 
Proof. We first show that a special (t - 1)-tuple of D gives rise to four 
special t-tuples of A(D). Let S = (1, 2 ,..., t - l), S, = (t + 2 ,..., 2t + l), 
s, = (2t + 3,..., 3t + 2), and S, = (3t + 3 ,..., 4t + 2). Suppose that S 
is a special (t - I)-tuple of D and let the corresponding blocks be 
(S, t, t + 1, &), (S, t, 2t + 2, S,), and (S, t + 1, 2t + 2, S,>. If co denotes 
the treatment corresponding to the last column of A(N) then clearly 
(S, =)I, s, > & 9 and S, are all special t-tuples of A(D). S, , S, , and S, arise 
from one block of the B-triple corresponding to S and the complements of 
the two remaining blocks which are blocks of D. 
A special t-tuple of D also gives rise to four special t-tuples of A(D) in 
a similar fashion. 
We have already noted that in D there are three blocks such that the 
treatments common to two of them is absent in the third block if and only 
if the complements of these three blocks which are blocks of D form a 
B-triple. Lemma 5 says that there do not exist three blocks in B such that 
the common treatments of two blocks are absent in the third block. It 
therefore follows that /3,,(D) = 4(&D) + E,(B)). 
As remarked earlier we now show that, when t = 4, E,,(D) is completely 
determined by a,(D). In fact we show that in this case a,,(D) + G,,(B) = 57, 
the maximum possible value. We show that every pair of blocks of D 
forms a part of either a unique B-triple for D or a part of a unique B-triple 
for D. This follows from: 
PROPOSITION 1. In a (19,9,4) design iftwo blocks intersect in (1,2,3,4), 
say, then one and only one of the following holds in the remaining blocks: 
(i) There is a unique block not containing the treatments (1, 2, 3, 4). 
(ii) There is a unique block containing the treatments (1,2, 3). 
(iii) There is a unique block containing the treatments (1, 3,4). 
(iv) There is a unique block containing the treatments (1,2,4). 
(v) There is a unique block containing the treatments (2, 3,4). 
Proof. From Lemma 1, we know that there is no third block con- 
taining all the four treatments (1, 2, 3, 4). Lemmas 7 and 2 state that the 
above-mentioned blocks, when they exist, are unique. There may or may 
not be a special 3-tuple from the elements (1,2, 3,4). In case there is a 
special 3-tuple, say (1, 2, 3), we show that (i), (iii), (iv), and (v) are ruled 
out. If there is no special 3-tuple from (1,2, 3,4) we show that (i) holds. 
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Suppose that (1,2, 3) is a special 3-tuple. Without any loss of generality 
let 
1, 2, 3, 4, 5, 6, 7, 8, 9, 
1,2, 3,4, 10, 11, 12, 13, 14, 
1, 2, 3, 5, 10, 15, 16, 17, 18, 
be the corresponding three blocks. We show that no other three elements 
from (1,2,3,4) form a special 3-tuple. If not, let there be a fourth block 
containing, say, (1,2,4). Clearly this block cannot have the treatment 3 
as a Ctuple cannot occur in three blocks. It has exactly one treatment from 
each of the sets (5,6,7,8,9) and (10, 11, 12, 13, 14). Therefore it can have 
at the most three elements from (15, 16, 17, 18, 19). But then the block 
size is 68. 
If there is a block not containing (1, 2, 3,4) at all then it will have four 
treatments each from the sets (5, 6, 7, 8, 9) and (10, 11, 12, 13, 14) and 
therefore must have at least two treatments from the set (15, 16, 17, 18). 
This gives a total of at least 10 treatments. As the block size is 9 this is not 
possible. 
Now suppose that there is no special 3-tuple from the elements (1,2,3,4) 
in the remaining 17 blocks. Then as in a (19, 9, 4) design each treatment 
occurs in 9 blocks and as each pair of distinct treatments occurs in 4 blocks 
it follows that there is a unique block not containing any of the treatments 
(1, 2, 3,4). This proves the result completely. 
For an ARBIBD (20, 38, 19, 10,9), say A(D), we have PO(O) = 4 x 57 
and hence fl,,(O) fails to distinguish between two such designs. We use 
some other considerations to distinguish between two such solutions. 
For t even, consider an ARBIBD (4t + 4, 8t + 6, 4t + 3, 2t + 2, 
2t + l), say A(D), whose incidence matrix is 
A(N) = (; $. 
It can easily be checked that, if we collect all the blocks of A(D) that 
contain a treatment, say x, and then delete the treatment x from these 
blocks, the conftguration so obtained is a (4t + 3, 2t + 1, t) design D(x). 
If among the 4(%(D) + G,,(Q) special t-tuples of A(D), x occurs in &x) 
of them then clearly the characteristic number of D(X) is LY,,(x). If 
%(x) # %(D) then the two (4t + 3,2t + 1, t) designs are non-isomorphic. 
Consider A(Q) and A(&). If the set of numbers (IxJx)) is different for 
A(&) and A(&) then clearly A(&) and A@,) are non-isomorphic. We 
shall use this as a tool to distinguish between two ARBIBD’s. 
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Consider the incidence matrix ,4(N) of A(D) which is 
A(N) = ([ ;I). 
Without any loss of generality let x be the first treatment. By a suitable 
permutation of the rows, we can take 
Then 
. 
Rearranging A(N) we get 
showing that the incidence matrix of the (4t + 3,2t + 1, t) design obtained 
by suppressing the first treatment is 
Therefore we could have obtained this design by first taking the dual 
design D’ and then embedding the complementary design of its residual 
design with respect to the first block in a natural fashion and then taking 
its dual. The main advantage of considering the different suppressions in 
A(D) is that the values of 01,,(x) immediately point out the possibilities of 
new solutions without any further computation. 
3. THE (St + 7, 4t + 3, 2t + 1) DESIGNS, t EVEN 
Consider a (St + 7, 4t + 3, 2t + 1). design B(D, , D,) with incidence 
matrix 
, 
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where N1 and N, , respectively, are the incidence matrices of (4t + 3, 
2t + 1, t) designs D, and D, . We call a special tuple which occurs in 
three blocks of B(N, , N.J one of which is the last block a trivial tuple. 
Using earlier lemmas it can be seen that this design has no non-trivial 
special (2t + I)-tuples and that it has even no non-trivial special 2t-tuples. 
Let V be a special (t - 1)-tuple of D, and let S be a special (C - l)-tuple 
of D, such that the B-triples of V and S are the same. Using the notation 
of Lemma 2 it follows that (V, S, co), (V, S,), (V, S,), and (V, S,) are all 
non-trivial special (2t - I)-tuples of B(D, , Dz). The number of such 
non-trivial special (2t - I)-tuples of B(D, , D,) is 4(y,,(D, , D,)), where 
yo(D, , D,) denotes the number of matching (common) B-triples of D, and 
D 2. 
Let V be a special (t - I)-tuple of D, and let T be a special t-tuple of 
D, such that the B-triples of V and T are the same. Using the earlier 
notation it follows that (V, T), (V, T,), (V, T,), (V, T3) are all non-trivial 
special (2t - 1)-tuples of B(D1 , D,). The number of such non-trivial 
special (2t - 1)-tuples of B(D, , D,) is 4(y,(D, , I&)), where y,,(D, , a,) 
denotes the number of matching (common) B-triples of D, and Dz . 
It can also be seen by using the earlier results that these are the only 
possible non-trivial special (2t - I)-tuples of B(D, , Dz). We call the 
number of non-trivial special (2t - I)-tuples of B(D, , D,) the 
characteristic number of B(D, , D2). We have 
PROPOSITION 2. The characteristic number of B(D1 , D,) is 
4MD1 9 DJ + ~o(4 i 6)). 
COROLLARY. The characteristic number of B(D1 , Dl) is 4%(D1). 
This follows from the remark after Lemma 4 which implies that 
~~(4 , aI> = 0 and Y@~ y &> = 44). 
We remark that in particular D, can be a design obtained by just 
permuting the blocks of D, . 
4. SOLUTIONS OF (19, 9, 4) DESIGNS 
M. Hall [3] has proved that there are exactly three distinct classes of 
Hadamard matrices of order 20, if matrices equivalent under permutation 
of rows or columns or change of sign of rows or columns are considered 
in the same class. He labeled them Class Q, Class P, Class N. Class Q 
contains the matrix derivable from the quadratic residues modulo 19. 
Class P contains the matrix that Paley [4] constructed from GF(9) by 
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first constructing a matrix of order 10 consisting of O’s, l’s, and -1’s and 
then forming one of order 20 by replacing each 0 by [-i: -iI, each 1 by 
[:: -:I, and each -1 by [I:; -:I. Th e c ass 1 N is a new class due to Hall. 
We denote by D1 the quadratic residue solution of (19,9,4) design. This 
is a cyclic solution obtained by taking, say, (1, 4, 5, 6, 7, 9, 11, 16, 17) as 
the initial block. We have cy,(&) = 57, the maximum possible value. It 
follows that &,(B,) = 0. 
We denote by D, the (19, 9, 4) design obtained by natural embedding 
of the complement of the residual of D1 with respect to the first block of 
D1 . We have e+,(&) = 45 and hence EO(&) = 12. 
Solutions D1 and D, are derivable from a Hadamard matrix of Class Q. 
We observe that for a solution of (19, 9, 4) design derivable from a 
Hadamard matrix of Class Q the only possible values of 01~ are 57 and 45. 
For, it can be checked that these are the only possible values of a,,(x) 
obtained from the 4(01,(D,) + I%,(&)) = 4 x 57 special 4-tuples of A(D1). 
We denote by D, a solution to a (19, 9, 4) design obtained from a 
Hadamard matrix of Class P. This solution is given later on. We have 
ao(D,) = 24 and hence &,(a,) = 33. We denote by D4 the (19,9,4) design 
obtained by natural embedding of the complement of the residual design 
of D, with respect to the third block. We have ao(D4) = 48 and hence 
&(a,) = 9. We note that the only possible values of cl,, for a design 
derivable from a Hadamard matrix of Class P are 24 and 48. 
We denote by D, and D6 two solutions of (19, 9, 4) design derivable 
from a Hadamard matrix of Class N. De is in fact obtained by suppressing 
the treatment 1 in A(D,) and then substituting 1 for the last treatment co. 
We have a,,(D,) = 36 and hence &,(&,) = 21 and a,,(D6) = 48 and hence 
&,(D,J = 9. Here again we observe that the only possible values of 01~ for 
a design derivable from a Hadamard matrix of Class N are 36 and 48. 
The solutions D, and D, are non-isomorphic though they have the same 
characteristic number 48. For otherwise a Hadamard matrix of Class P 
will be equivalent to a Hadamard matrix of Class N. Thus all these six 
solutions D1 , Dz ,..., D, are mutually non-isomorphic. 
From Hall’s classification of Hadamard matrices of order 20 into 3 
classes it should be possible by using the results of this paper to give a 
complete enumeration of the solutions of a (19, 9, 4) design. We propose 
to take this up in a future communication. 
For reference we give below these six solutions and their special 3-tuples 
and the B-triples. We also give the special 4-tuples of the complementary 
designs and their B-triples. 
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Design D,. ao(Dl) = 57. z@,) = 0. 
Block 
No. Blocks 
1 1 4 5 6 7 9 11 16 17 
2 2 5 6 7 8 10 12 17 18 
3 3 6 7 8 9 11 13 18 19 
4 1 4 7 8 9 10 12 14 19 
5 1 2 5 8 9 10 11 13 15 
6 2 3 6 9 10 11 12 14 16 
7 3 4 7 10 11 12 13 15 17 
8 4 5 8 11 12 13 14 16 18 
9 5 6 9 12 13 14 15 17 19 
10 1 6 7 10 13 14 15 16 18 
11 2 7 8 11 14 15 16 17 19 
12 1 3 8 9 12 15 16 17 18 
13 2 4 9 10 13 16 17 18 19 
14 1 3 5 10 11 14 17 18 19 
15 1 2 4 6 11 12 I5 18 19 
16 1 2 3 5 7 12 13 16 19 
17 1 2 3 4 6 8 13 14 17 
18 2 3 4 5 I 9 14 15 18 
19 3 4 5 6 8 10 15 16 19 
The 57 3-tuples are generated by (1, 12, 19), (2, 16, 19) and (4, 10, 19) 
and the corresponding B-triples are generated by (4, 15, 16), (11, 13, 16) 
and (4, 13, 19). 
Block 
No. Blocks 
1 1 4 5 6 7 9 11 16 17 
2 3 5 6 7 13 14 15 17 19 
3 2 6 7 9 10 11 12 14 15 
4 1 2 
3 
8 
4 
3 
3 
2 
7 
2 
4 
2 
3 
5 
4 
5 
4 
3 4 7 9 13 15 18 
5 1 5 9 11 12 14 
6 6 9 11 13 15 16 
18 19 
18 19 
7 2 
2 
2 
1 
3 
1 
3 
1 
1 
1 
1 
4 
2 
7 8 11 14 17 18 19 
8 4 5 10 11 16 19 
9 5 6 8 9 18 
10 3 6 8 
17 
16 
11 10 11 
15 
10 
12 
16 17 
12 9 10 16 17 
13 8 9 16 
14 5 8 15 
15 4 6 
7 
12 
13 
12 
11 
8 
10 
12 
9 
12 
13 
14 
14 
12 
10 
14 
15 
10 
13 
15 
13 
11 
15 
17 
12 
14 
13 
16 7 8 16 
17 6 10 18 
18 7 
5 
8 13 
19 6 16 
19 
18 
19 
17 
17 
14 
18 
19 
19 
18 
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Design DI . ao(Da) = 45. $(&,) = 12. 
238 BHAT 
Special 3-Tuples and the Corresponding B-Triples of D, 
- 
1 
1 
1 
1 
1 
I 
1 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
3-tuples 
2 
4 
5 
I 
10 
12 
15 
4 
6 
8 
9 
11 
16 
4 
5 
6 
I 
9 
10 
12 
5 
I 
8 
13 
6 
11 
16 
14 
19 
18 
18 
12 
17 
10 
15 
19 
15 
19 
8 
13 
18 
11 
16 
16 
9 
14 
B-triples 
4 12 
1 15 
1 5 
1 10 
2 15 
5 10 
4 16 
4 7 
3 10 
I 9 
3 9 
3 8 
8 10 
4 8 
2 5 
9 10 
2 4 
4 5 
8 11 
10 11 
1 8 
1 4 
I 13 
3-tupks 
14 4 
17 5 
14 5 
16 5 
16 5 
17 6 
17 6 
19 6 
19 7 
14 7 
12 7 
14 I 
12 8 
13 8 
8 9 
15 9 
11 9 
9 10 
15 11 
13 12 
19 13 
18 14 
15 
10 19 8 
6 17 1 
8 10 9 
12 13 14 
14 18 5 
9 I1 1 
13 14 2 
15 19 2 
8 19 7 
10 12 3 
11 17 1 
14 15 2 
11 13 6 
15 16 6 
12 14 3 
13 19 6 
16 17 1 
17 18 9 
18 19 5 
15 17 13 
16 18 6 
17 19 2 
B-triples 
17 
2 
16 
18 
16 
3 
15 
6 
10 
11 
7 
3 
14 
13 
5 
12 
12 
11 
6 
14 
11 
7 
18 
9 
18 
19 
19 
6 
19 
17 
18 
18 
I1 
16 
15 
16 
13 
18 
13 
17 
7 
17 
19 
12 
Special 4-tuples and the Corresponding B-triples of D, 
4-tupks B-triples 4-tuples &triples 
4 9 10 18 2 10 14 2 15 16 11 5 15 18 
1 2 11 18 2 13 18 1 7 12 14 6 8 9 
5 16 17 19 3 4 15 6 9 12 13 7 8 16 
3 5 13 16 3 7 17 1 7 11 19 9 13 19 
5 10 14 17 4 6 10 4 6 9 19 11 14 16 
4 6 8 15 5 11 12 3 7 8 11 12 17 19 
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Design & . OL,,(&) = 24. &,(n3) = 33. 
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Block 
No. 
1 3 
2 2 
3 1 
4 2 
5 1 
6 2 
7 1 
8 2 
9 1 
10 4 
11 1 
12 6 
13 1 
14 2 
15 1 
16 4 
17 
18 
19 
1 
6 
1 
Blocks 
5 
4 
4 
3 
2 
3 
2 
3 
2 
5 
3 
7 
3 
3 
2 
5 
3 
7 
3 
7 9 11 13 15 17 19 
5 6 7 8 9 14 15 
6 8 11 13 14 17 19 
4 6 7 10 11 16 17 
6 9 10 13 15 16 19 
4 5 6 12 13 18 19 
4 9 11 12 15 17 18 
8 10 11 12 13 14 15 
5 7 10 12 14 17 19 
8 9 10 12 13 16 17 
4 7 8 12 15 16 19 
8 9 10 11 12 18 19 
5 
8 
5 
10 
4 
12 
5 
6 8 10 15 17 18 
9 14 16 17 18 19 
7 8 13 16 18 
11 16 18 19 
7 13 18 
13 
14 
9 
14 
9 
11 
15 
10 
15 
11 
16 
14 
17 
14 
18 
6 12 16 
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Special 3-tuples and the Corresponding B-triples of D, 
3-tuples B-triples 3-tuples 
- 
2 4 6 2 
2 5 7 2 
2 8 14 2 
2 9 15 2 
3 4 7 4 
3 5 6 6 
3 8 15 8 
3 9 14 14 
4 10 16 4 
4 11 17 3 
5 10 17 9 
5 11 16 15 
4 
9 
8 
5 
11 
13 
11 
17 
10 
4 
10 
16 
- 
6 
15 
14 
7 
17 
19 
13 
19 
16 
7 
13 
19 
6 12 18 6 12 18 
6 13 19 3 5 6 
7 12 19 9 11 12 
7 13 18 15 17 18 
8 10 12 8 10 12 
8 11 13 3 8 15 
9 10 13 5 10 17 
9 11 12 7 12 19 
14 16 18 14 16 18 
14 17 19 3 9 14 
15 16 19 5 11 16 
15 17 18 7 13 18 
B-triples 
Special 4-tuples and the Corresponding B-triples of D, 
4-tuples 
10 12 16 
8 12 14 
8 10 14 
4 6 16 
2 6 14 
2 4 14 
4 6 10 
2 6 8 
2 4 8 
1 3 11 
10 13 17 
1 3 13 
11 12 16 
2 7 15 
2 5 9 
2 5 15 
2 7 9 
B-triples 
- 
18 1 2 3 
18 1 4 5 
16 1 6 7 
18 1 8 9 
18 1 10 11 
16 1 12 13 
12 1 14 15 
12 1 16 17 
10 1 18 19 
19 2 10 18 
18 2 11 19 
17 2 12 16 
19 2 13 17 
18 3 10 19 
10 3 11 18 
16 3 12 17 
12 3 13 16 
- 
1 
8 
1 
9 
4 
3 
3 
4 
1 
8 
1 
9 
5 
3 
3 
5 
4-tuples B-triples 
5 9 19 4 8 18 
13 15 18 4 9 19 
5 13 15 4 12 14 
12 14 19 4 13 15 
7 17 18 5 8 19 
4 8 11 5 9 18 
4 14 17 5 12 15 
7 11 12 5 13 14 
7 9 17 6 8 16 
11 15 16 6 9 17 
7 11 15 6 10 14 
10 14 17 6 11 15 
6 16 19 7 8 17 
6 8 13 7 9 16 
6 14 19 7 10 15 
6 10 13 7 11 14 
Block 
no. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
1.5 
16 
17 
18 
19 
- 
- 
- 
BALANCED INCOMPLETE BLOCK DESIGNS. III 241 
Design Dl. q,(D4) = 48. E,(&) = 9. 
- 
1 
2 
3 
4 
1 
4 
1 
5 
1 
2 
1 
2 
1 
5 
1 
2 
1 
2 
1 
4 6 8 11 13 
10 11 12 13 16 
4 6 8 10 12 
5 6 9 11 12 
3 5 6 7 12 
6 7 9 10 13 
3 
7 
3 
3 
2 
3 
2 
7 
3 
3 
2 
3 
2 
4 5 7 10 
8 9 11 13 
9 14 15 16 
4 7 8 
4 5 8 
5 6 
6 7 
8 10 
8 9 
4 7 
4 5 
5 6 
6 7 
8 
8 
12 
10 
9 
12 
9 
10 
13 
9 
11 
9 
14 
11 
11 
13 
10 
11 
Blocks 
- 
14 
17 
14 
15 
13 
15 
11 
14 
17 
15 
10 
15 
12 
15 
12 
12 
14 
13 
14 
17 19 
18 19 
16 18 
17 18 
18 19 
16 19 
16 17 
16 18 
18 19 
17 18 
18 19 
16 19 
16 17 
17 
13 
14 
15 
14 
15 
19 
15 
19 
16 
17 
18 
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Special 3-tuples and the Corresponding B-triples of D, 
3-tuples B-triples 3-tuples 
1 4 5 7 11 17 5 10 
1 6 7 5 13 19 5 11 
1 8 9 11 13 15 5 12 
1 10 11 7 15 19 5 13 
1 12 13 5 15 17 6 8 
1 14 15 9 17 19 6 9 
1 16 17 7 9 13 6 10 
1 18 19 5 9 11 6 11 
2 10 18 2 11 19 6 12 
2 11 19 2 12 16 6 13 
2 12 16 2 13 17 7 8 
2 13 17 2 10 18 7 9 
3 4 7 7 10 16 7 10 
3 5 6 5 12 18 7 11 
3 8 15 10 12 15 7 12 
3 9 14 9 16 18 7 13 
4 8 18 3 10 11 8 10 
4 9 19 6 11 16 8 11 
4 10 16 3 6 7 9 10 
4 11 17 1 4 7 9 11 
4 12 14 3 16 17 14 16 
4 13 15 6 10 17 14 17 
5 8 19 11 12 14 15 16 
5 9 18 4 8 11 15 17 
17 
16 
15 
14 
16 
17 
14 
15 
18 
19 
17 
16 
15 
14 
19 
18 
12 
13 
13 
12 
18 
19 
19 
18 
B-triples 
--__-.- 
7 
7 
4 
8 
3 
4 
3 
4 
3 
1 
10 
6 
6 
8 
5 
5 
3 
1 
6 
4 
3 
1 
6 
4 
14 
8 
14 
17 
12 
13 
18 
12 
4 
5 
13 
8 
14 
16 
14 
8 
14 
8 
15 
15 
8 
9 
9 
9 
18 
12 
17 
18 
13 
18 
19 
19 
5 
6 
14 
13 
19 
19 
16 
10 
15 
15 
18 
16 
9 
14 
12 
10 
Special 4-tuples and the Corresponding B-triples of D, 
4-tupks B-triples 4-tuples B-triples 
5 7 9 15 1 2 3 8 9 14 15 25 7 
7 12 15 16 1 11 18 1 3 4 6 2 8 14 
7 9 10 18 1 12 17 45 6 7 2 9 15 
5 9 12 16 1 10 19 13 8 14 24 6 
5 10 15 18 1 13 16 
Block 
No. 
1 1 
2 1 
3 6 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
1 
2 
3 
4 
1 
1 
2 
2 
1 
1 
2 
2 
1 
1 
3 
3 
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Design DC . R,(DJ = 36. Go(&) = 21. 
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Blocks 
2 
2 
7 
5 
5 
5 
5 
4 
4 
3 
3 
3 
3 
4 
4 
2 
2 
4 
4 
3 4 
3 4 
8 9 
6 7 
6 7 
8 9 
8 9 
7 9 
6 8 
7 9 
6 8 
7 8 
6 9 
6 9 
8 
9 
8 
7 
6 
5 
10 
11 
10 
10 
10 
10 
12 
11 
11 
12 
10 
10 
10 
10 
11 
12 
12 
11 
6 7 8 9 
11 
12 
11 
13 
11 
13 
14 
13 
13 
14 
14 
13 
12 
11 
14 
13 
13 
14 
12 13 14 
13 14 15 
12 16 17 
14 18 19 
12 18 19 
14 16 17 
17 18 19 
16 18 19 
16 17 19 
16 17 18 
15 
15 
15 
15 
15 
15 
15 
15 
16 19 
17 18 
16 19 
17 18 
16 18 
17 19 
16 18 
17 19 
244 BHAT 
Special 3-tuples and the Corresponding &triples of D6 
3-tuples 
1 2 5 1 16 17 4 13 16 
1 3 10 2 12 13 4 14 17 
1 8 19 9 12 17 5 6 7 
1 9 18 8 13 16 5 8 9 
1 11 16 4 9 16 6 9 15 
1 12 17 4 8 17 6 12 16 
2 4 10 2 14 15 6 13 18 
2 8 17 11 15 17 7 8 15 
2 9 16 10 14 16 7 11 17 
2 13 19 5 10 17 7 14 19 
2 14 18 5 11 16 8 11 18 
3 4 5 1 18 19 8 14 16 
3 6 17 11 13 19 9 12 19 
3 7 16 10 12 18 9 13 17 
3 11 19 6 10 19 10 11 12 
3 12 18 6 11 18 10 13 14 
4 6 19 9 14 19 11 14 15 
4 7 18 8 15 18 12 13 15 
B-triples 3-tuples B-triples 
7 
7 
1 
1 
3 
4 
5 
3 
4 
5 
6 
7 
6 
7 
2 
2 
3 
3 
9 18 
8 19 
4 5 
6 7 
13 14 
11 14 
9 13 
12 15 
10 15 
8 12 
9 15 
11 12 
8 14 
10 13 
4 6 
5 7 
16 19 
17 18 
Special 4-tuples and the Corresponding B-triples of D, 
4-tuples B-triples 
16 17 18 19 1 2 3 
10 11 13 15 1 8 11 
10 12 14 15 1 9 10 
11 13 17 18 1 12 14 
12 14 16 19 1 13 15 
5 6 8 15 2 8 10 
5 7 9 15 2 9 11 
6 8 17 19 2 16 18 
7 9 16 18 2 17 19 
2 3 18 19 3 4 7 
1 4 16 17 3 5 6 
4-tuples B-triples 
2 3 5 10 3 8 9 
1 4 5 10 3 10 11 
2 9 13 18 4 12 19 
2 8 14 19 4 13 18 
1 8 11 17 5 14 18 
1 9 12 16 5 15 19 
4 6 13 17 6 12 16 
4 7 14 16 6 13 17 
3 7 11 18 7 14 17 
3 6 12 19 7 15 16 
Block 
No. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
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Design De. ao(D6) = 48. E@,) = 9. 
Blocks 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
3 
2 
2 
4 
4 
3 
3 
2 
2 
2 
2 
5 
4 
4 
3 
3 
2 
2 
3 
4 
4 
3 
5 
5 
5 
5 
6 
7 
3 
3 
6 
7 
6 
7 
6 
5 
5 
4 
8 
6 
6 
6 
7 
7 
6 
8 
8 
4 
4 
7 
9 
8 
8 
9 
9 
8 
5 
9 
7 
7 
8 
9 
8 
5 
10 
10 
12 
11 
10 
10 
11 
12 
10 
11 
13 
11 
10 
10 
11 
12 
10 
10 
6 7 8 9 
11 12 13 14 
11 12 16 17 
14 17 18 19 
13 16 18 19 
14 16 13 
13 
15 
15 
15 
15 
17 
15 
15 
15 
14 
13 
14 
14 
14 
13 
17 18 
14 16 18 
13 17 19 
16 18 19 
12 
14 
12 
12 
11 
13 
13 
11 
12 
16 17 
16 17 
18 19 
15 18 
15 19 
17 18 
16 19 
17 19 
16 18 
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Special 3-tuples and the Corresponding B-triples of D, 
3-tuples 
1 2 5 
1 3 10 
1 8 19 
1 9 18 
1 11 16 
1 12 17 
2 3 4 
2 6 7 
2 8 9 
2 11 14 
2 12 13 
2 16 18 
2 17 19 
3 6 9 
3 7 8 
3 11 12 
3 13 14 
3 16 19 
3 17 18 
4 5 10 
4 6 8 
4 7 9 
4 11 13 
4 12 14 
B-triples 
- - 
1 8 
2 6 
5 6 
4 7 
3 5 
3 4 
1 2 
1 12 
1 18 
2 8 
2 9 
8 10 
9 10 
1 7 
1 6 
2 11 
2 16 
6 10 
7 10 
10 14 
1 5 
1 4 
2 5 
2 4 
3-tuples 
9 4 16 
7 4 18 
9 5 6 
8 5 7 
8 5 13 
9 5 14 
10 6 10 
13 6 11 
19 6 13 
18 6 15 
19 7 10 
19 7 12 
18 7 14 
17 7 15 
16 8 10 
13 8 11 
17 8 12 
17 8 13 
16 9 10 
15 9 11 
14 9 12 
15 9 14 
15 13 15 
14 14 15 
- 
17 
19 
12 
11 
19 
18 
17 
19 
16 
18 
16 
18 
17 
19 
14 
17 
15 
18 
13 
15 
16 
19 
17 
16 
10 11 
4 5 
3 14 
3 15 
9 15 
8 14 
3 7 
5 13 
5 12 
7 13 
3 6 
4 13 
4 12 
6 13 
6 14 
11 16 
9 11 
5 16 
7 15 
8 11 
11 17 
4 17 
7 9 
6 8 
B-triples 
12 
10 
17 
16 
17 
16 
18 
18 
17 
14 
19 
19 
16 
15 
18 
18 
14 
19 
19 
15 
19 
18 
12 
12 
Special 4-tuples and the Corresponding B-triples of D, 
4-tuples B-triples 4-tuples B-triples 
13 14 18 19 1 3 11 4 8 10 17 8 13 17 
8 9 18 19 2 3 12 4 9 10 16 9 13 16 
8 9 13 14 3 10 13 1 3 11 19 12 14 19 
2 5 6 13 4 6 11 1 3 12 18 12 15 18 
2 5 7 14 5 7 11 
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5. SOLUTIONS OF (20, 38, 19, 10, 9) DESIGNS 
Table 1 gives the values of /Il(C1 , C,). Obviously the designs with 
different values of fil(C1, C,) are non-isomorphic. We have only to 
distinguish between the solutions that have the same characteristic 
numbers. For the sake of compactness we do not give the actual special 
5-tuples or the corresponding B-triples in these designs. But by actually 
calculating the frequencies with which treatments occur among the special 
5-tuples it has been found out that all the solutions with non-zero charac- 
teristics are mutually non-isomorphic except the two solutions with the 
characteristic value 90. We could not distinguish between the two solutions 
with characteristic value 90. In this case the frequency distribution of the 
treatments among the 5-tuples as well as the frequency distribution among 
the B-triples turns out to be the same. 
TABLE1 
%‘+, D1 Da Ds D4 D, De 
a 0 36 26 30 34 21 
a 45 0 31 31 30 30 
a 33 42 0 88 31 40 
a 3s 31 68 0 40 42 
a 3.5 34 34 40 0 90 
a 30 37 36 38 90 0 
We now try to distinguish between the six ARBIBD’s for which p1 = 0 
and /3, = 57 x 4. For A(&) and A(&), 01,,(x) is either 57 or 45. For A(Q) 
and A@,), 01~(x) is either 24 or 48; and, for A(&) and A(&), it is either 
36 or 48. Therefore it follows that A(&) and A@,) are non-isomorphic 
to the other four solutions. The case with A(&), A@,) and with A@,), 
A(&) is similar. We could not distinguish between A(&) and A(&), 
between A(&,) and A(DJ, and between A(&) and A(&). 
We have therefore at least 32 mutually non-isomorphic solutions of a 
(20, 38, 19, 10, 9) design. We remark that it is possible to get many more 
solutions to this design by applying a permutation on 19 symbols to only 
one of the two constituent designs as in [2]. Instead of the special 5-tuples 
we may also use the block intersection pattern to distinguish two solutions 
for non-isomorphism. However, even this criterion fails in case of two 
affine resolvable such designs (derivable from the same Hadamard 
matrix). 
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6. SOLUTIONS OF (39, 19, 9) DESIGNS 
Table 2 gives the value of yO(CI , C,) and yo(CI , C,). We also give the 
common (matching) B-triples that are involved (Table 3). 
TABLE 2 
D1 
,, 
,, 
,, 
1, 
9, 
& 
W 
1, 
,, 
0 
w 
DS 
,, 
1, 
,, 
1, 
,t 
04 
,7 
11 
1, 
1, 
9, 
DS 
,, 
19 
7) 
9, 
,, 
DB 
,, 
91 
19 
,, 
9, 
57 
9 
0 
3 
2 
6 
9 
45 
3 
2 
1 
4 
0 
3 
24 
0 
4 
0 
3 
2 
0 
48 
0 
3 
2 
1 
4 
0 
36 
1 
6 
4 
0 
3 
1 
48 
0 228 
0 36 
2 8 
0 12 
2 16 
0 24 
0 36 
0 180 
4 28 
0 8 
0 4 
0 16 
0 0 
0 12 
0 96 
4 16 
2 24 
0 0 
0 12 
0 8 
4 16 
0 192 
4 16 
0 12 
0 8 
0 4 
4 32 
2 8 
0 144 
0 4 
0 24 
0 16 
3 12 
0 12 
0 4 
0 192 
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TABLE 3 
Cl G B-triples in B-triples 
ro(G 9 CA in ro(G , Q 
B-triples in B-triples 
n(G > G) in n(G , Q 
All the 57 
B-triples of 
D1 
nil 
,1 DB 1 15 17 
1 5 14 
1 10 16 
1 8 19 
1 4 18 nil 
1 2 9 
1 3 6 
1 7 11 
1 12 13 
9, DS nil 1 12 13 
5 9 18 
,, 04 10 12 15 
3 14 15 nil 
4 15 16 
3, DS 4 8 17 2 16 18 
6 10 19 6 12 16 
4 Db 9 16 18 nil 
8 17 18 
,, & 5 10 17 nil 
,, DB 1 12 13 
1 5 14 nil 
5 16 19 
8 11 15 
Ds DI As in 
YO@I , DA, 
i.e., nil 
nil 
,, Da As in nil 
n(& , Ds) 
,, 
DS All the 24 
B-triples of 
D, 
nil 
,, w & 3 5 8 04 2 5 7 
1 12 13 nil 2 8 14 
1 5 14 nil 2 9 15 
4 13 19 2 4 6 
9 11 14 
7 9 12 ,, 06 5 10 17 3 4 7 
5 11 16 3 5 6 
Da DI As in nil 2 4 6 
YO@I , De) 2 5 7 
,, Da All the 45 1, D6 nil nil 
B-triples of nil 
DZ 
0, DI As in nil 
” D 8 6 12 18 1 12 13 YO(D, Da> , 
8 10 12 3 10 19 
5 10 17 3 11 18 ” Da As in nil 
4 12 14 nU’a , DA 
Table continued 
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TABLE 3 (continued) 
E-triples in B-triples 
Yo(G 9 G) in RAG , Cd 
4 Da As in 2 10 18 
AD, , DA 2 11 19 
i.e., nil 2 12 16 
2 13 17 
9, 
D4 All the 48 
B-triples 
of D4 
nil 
I, 4 3 8 9 
nil 3 10 11 
4 12 19 
4 13 18 
,1 4 6 10 17 
7 10 16 nil 
7 15 19 
,9 
Q As in nil 
ro(& ,&I 
3, D3 As in 1 4 5 
YOU’S , &) 1 6 7 
1 16 17 
1 18 19 
c, c, B-triples in B-triples 
Yo(G 7 G) in rdG , CJ 
Ds D, As in 2 5 7 
~o’o(D,, 0s) 2 4 6 
., & All the 36 
B-triples of nil 
D5 
97 D, 1 18 19 nil 
D, DI As in nil 
ro(4 , De.1 
>, DZ As in nil 
YO(D, , DG> 
1, DS As in 1 8 9 
YO(DS , De.) 1 12 13 
1 18 19 
97 04 As in nil 
YO(D~ , Da) 
D6 All the 48 
E-triples 
of DB 
nil 
There are three solutions B(D, , D,), B(D, , DI), and B(D, , I&) having 
the same characteristic value 24. By considering the frequencies with 
which the blocks occur in the 24 B-triples it can be proved that B(D, , DJ 
is non-isomorphic with B(D, , D6) and B(Ds , Q). We remark that it is 
enough to consider only the original matching B-triples (in this case 6). For 
the other blocks that are involved are obtained by adding the number of 
blocks in the constituent designs. (Here 19.) The B-triples obviously fail 
to distinguish between B(D, , DJ and I?(& ,I&), For these two solutions 
we consider the 24 special 7-tuples that are involved to show that B(D, , D,) 
and B(D, , Dl) are non-isomorphic. Here, too, deeper considerations will 
show that instead of considering special 7-tuples it may be sufficient in 
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many cases to consider only the corresponding special 3-tuples of D, and 
of D, to prove the non-isomorphism. In this case 
yot4 , &> = Y@, > &> = 0. 
Therefore, a special 7-tuple of B(D1 , De) is either of the form (V, S, co) or 
of the form (V, &), (V, S,), (V, S,). Similarly, a special 7-tuple of B(DG , Dl) 
is either of the form (S, V, co) or of the form (S, V,), (S, V,), (S, V,). Vand 
S are special 3-tuples of D1 and D, , respectively, and Vi’s and S’s are 
corresponding 4-tuples. Vi’s are all mutually disjoint sets, S’s are also all 
mutually disjoint sets. Both Vi’s and S’s come from the set of treatments 
(20, 21,..., 38). As y,,(D, , D,) = yo(D, , Dl) = 6 it follows that each 
treatment from the set (20, 21,..., 38, co) occurs at the most six times. We 
show that in this case it is sufficient to consider the frequencies of treat- 
ments 1 to 19. We give below the six special 3-tuples of D, and D, that are 
involved: 
B-triple 3-tuple of 3-tuple of 
D1 DB 
3 5 8 8 11 13 1 11 16 
1 12 13 9 16 17 2 6 7 
1 5 14 1 5 11 4 6 8 
4 13 19 4 10 19 7 12 18 
9 11 14 14 17 19 8 12 I5 
7 9 12 12 15 17 13 15 17 
In the case of the 3-tuples of D1 the treatment 17 occurs thrice and there- 
fore it will occur 3 x 4 = 12 times among the 24 special 7-tuples of 
B(D, , D,). There is no treatment which occurs three times among the 
3-tuples of D, . Any treatment greater than 19 can occur at the most six 
times in the special 7-tuples. Therefore, there is no treatment which occurs 
12 times among the 24 special 7-tuples of B(D6 , Dl). Hence these solutions 
are non-isomorphic. Similar considerations can be used as short cuts in 
distinguishing different solutions. 
The other solutions can similarly be tested for non-isomorphism. 
Let (1,2) D1 denote the (19, 9, 4) design obtained by just interchanging 
the first two blocks of D, . Then from the 57 B-triples of D, it can easily 
berseen that yo(D, , (1,2) DJ = 57 - 16 = 41 and hence, as 
x,yo(4 , t1,2) 03 = 0, 
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it follows that the characteristic number of B(D, , (1,2) &) is 164. 
Similarly the characteristic number of B(D, , (1,2, 3) I&) is 
(57 - 27) x 4 = 120. 
These two solutions are clearly non-isomorphic with any one of the above 
36 solutions. One may likewise try B(E, F) where E and F are obtained 
from the six basic solutions D, , D, ,..., D, just by some permutations of 
blocks giving a large number of mutually non-isomorphic solutions of 
(39, 19, 9) designs. 
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